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Abstract
Let A be a commutative augmented ring and I be its augmenta-
tion ideal. This paper shows that the sequence {In/In+1} becomes
stationary up to isomorphism. The result yields stability in the asso-
ciated graded ring of A along I.
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tient
MSC (2010): 13C15
1 Introduction
A commutative augmented ring is defined to be a commutative ring A to-
gether with a homomorphism ε : A −→ Z which satisfies
• A has an identity element and ε preserves identity elements,
• The underlying group of A is a finitely generated free abelian group,
• I/I2 is torsion as an additive group, where I = ker ε.
The homomorphism ε is called the augmentation map. Its kernel I is called
the augmentation ideal of A.
The notion of commutative augmented ring arises from several natural
rings associated with finite groups. Let G be a finite abelian group. The in-
tegral group ring ZG is a classical commutative augmented ring. Its augmen-
tation map is induced by sending g to 1 for each element g ∈ G. Moreover,
denote by RH and ΩH the representation ring and Burnside ring of a finite
group H , respectively. Then RH and ΩH are both commutative augmented
rings. Their augmentation maps are induced by the degree of representations
∗Supported by the NSFC (No. 11401155).
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and the cardinality of fixed points of finite H-sets, respectively. The details
are presented in [1], [2] and [3].
Let A be a commutative augmented ring and I be its augmentation ideal.
Denote by In and Qn(A) the n-th power of I and the n-th consecutive quo-
tient group In/In+1, respectively. It is an interesting problem to determine
the structures of In and Qn(A) since they provide lots of information about
A itself. As a classical example, it is well known that
TorA1 (A/I
n, A/I) ∼= In/In+1 = Qn(A) (1.1)
for any positive integer n. This problem has been well studied in [4]-[15] for
integral group rings, in [2], [16]-[18] for representation rings, and in [19]-[24]
for Burnside rings.
There is a significant fact that all of known results show that the iso-
morphism class of Qn does not depend on n when n is large enough. In
particular, Bachman and Grunenfelder showed the sequence {Qn(ZG)} be-
comes stationary up to isomorphism for any finite abelian group G in [4], the
author, Chen and Tang obtained similar results in [2] for complex represen-
tation rings of dihedral groups and all finite abelian groups, Wu and Tang
proved in [19] that, for any finite abelian group G, there exists a positive
integer n0 such that Qn(ΩG) ∼= Qn+1(ΩG) for any n > n0. Motivated by this,
we raise the following theorem. The proof is postponed till Section 4.
Main Theorem. Let A be a commutative augmented ring. Then there exists
a positive integer n0 such that Qn(A) ∼= Qn+1(A) for any n > n0.
A related problem of recent interest has been to investigate the augmen-
tation ideals and their consecutive quotients for integral group rings of finite
non-abelian groups. The problem has been tackled in [25]-[31].
2 Preliminaries
In this section, we recall some classical results in commutative ring theory.
The following definition and lemmas were found in [32]. Through this section,
the word ring means a commutative ring with an identity element.
Definition 2.1. Let C be a class of S-module for some ring S, and λ be a
function on C with value in Z. The function λ is called additive if, for each
short exact seuqence
0 −→ L′ −→ L −→ L′′ −→ 0 (2.1)
in which all terms belong to C, we have λ(L′)− λ(L) + λ(L′′) = 0.
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Lemma 2.2. Let R =
⊕∞
n=0Rn be a graded ring. Then the following are
equivalent.
• R is a Noetherian ring.
• R0 is Noetherian and R is finitely generated as an R0-algebra.
Lemma 2.3. Let M =
⊕∞
n=0Mn be a finitely generated graded R-module,
where R =
⊕∞
n=0Rn is a Noetherian graded ring. Then
• Mn is finitely generated as an R0-module for each positive integer n,
• If R is generated by finite elements in R1, then for all sufficiently large
n, λ(Mn) is a polynomial in n with rational coefficients, where λ is an
additive function on the class of all finitely generated R0-modules.
3 Necessary Tools
This section proves some useful properties about commutative augmented
rings and finite abelian groups in this section. For convenience, we fix the
following notations, where d and N are positive integers, p is a prime.
• Denote by Zd the factor ring of Z modulo the ideal generated by d.
• Denote by A the class of all finite abelian groups.
• Denote by εp(N) the exponent of p in the unique factorization of N .
• For any finite group G, denote the Sylow p-subgroup of G by G{p} if
|G| is divided by p, otherwise, set G{p} to be the trivial subgroup.
The first lemma shows that we can construct Noetherian graded rings by
consecutive quotients of a commutative augmented ring naturally.
Lemma 3.1. Let A be a commutative augmented ring, and I be its augmen-
tation ideal. If I/I2 is d-torsion as an additive group, then
① The graded ring GA = Zd ⊕
(⊕∞
n=1 I
n/In+1
)
is generated by finite
elements in I/I2 as an Zd-algebra,
② GA is Noetherian,
③ PA,m =
⊕∞
n=1m(I
n/In+1) is a finitely generated graded GA-module for
any positive integer m.
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Proof. ① Short calculation shows that In/In+1 is d-torsion as an abelian
group for each positive integer n. Thus GA is a well-defined graded ring.
Note that I is finitely generated as a free abelian group. Let {x1, . . . , xr} be
a basis of I. Then I/I2 is generated by x1 + I
2, . . . , xr + I
2 as a Zd -module,
which implies GA = Zd[x1 + I
2, . . . , xr + I
2].
② It is a direct corollary of ① because Zd is obviously Noetherian.
③ PA,m is finitely generated since it is actually an ideal of GA. 
The following two lemmas provide several additive functions on A and
show the isomorphism class of a finite abelian group is determined by the
values of these additive functions on its subgroups.
Lemma 3.2. For any fixed prime p, set
λp(G) = εp
(
|G|
)
, G ∈ A. (3.1)
Then λp is an additive function on A with λp(G) = λp(G{p}).
Proof. For any short exact sequence
0 −→ G′ −→ G −→ G′′ −→ 0 (3.2)
in A, we have |G| = |G′| · |G′′|. From this it follows that
εp(|G|) = εp(|G
′|) + εp(|G
′′|), (3.3)
hence λp is additive. The last equality is implied by the fact that p does not
divide |G{q}| for any prime q 6= p. 
Lemma 3.3. Let G and G′ be two finite abelian groups. If
λp(p
sG) = λp(p
sG′) (3.4)
for any prime p and any non-negative integer s, then G ∼= G′.
Proof. It is easy to verify that (psG){p} = p
sG{p} and (p
sG′){p} = p
sG′{p}. So
due to Lemma 3.2, we can assume both G and G′ are finite abelian p-groups.
Now suppose
G ∼=
⊕
k>1
(Zpk)
ik , G′ ∼=
⊕
k>1
(Zpk)
jk , (3.5)
where ik, jk are non-negative integers and all but finitely many of them be
zero. Brief calculation shows that
psG ∼=
⊕
k>s+1
(Zpk−s)
ik , psG′ ∼=
⊕
k>s+1
(Zpk−s)
jk , (3.6)
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hence
λp(p
sG) =
∑
k>s+1
ik(k − s), λp(p
sG′) =
∑
k>s+1
js(k − s). (3.7)
From these it follows that
∑
k>s+1
(ik − jk)(k − s) = 0. (3.8)
Denote by σs the left side of (3.8). Then for any non-negative integer s, we
have
σs − σs+1 =
∑
k>s+1
(ik − jk) = 0. (3.9)
This implies ik = jk for each positive integer k, the lemma is clear. 
4 Main Theorem
Now we prove the main theorem and apply it to integral group rings, repre-
sentation rings and Burnside rings.
Main Theorem. Let A be a commutative augmented ring. Then there exists
a positive integer n0 such that Qn(A) ∼= Qn+1(A) for any n > n0.
Proof. Fix an exponent d of I/I2. Then λp is an additive function on the
class of all finite generated Zd -modules since these modules are finite abelian
groups with exponent d, where p is a prime. Due to Lemma 2.3 and 3.1,
we get, for each non-negative integer s, there is a polynomial fp,s in rational
coefficients such that
λp(p
sQn(A)) = fp,s(n)
when n is large enough. To finish the proof, we need the following assertion.
Assertion 4.1. For any positive integer n, we have |Qn(A)| 6 d
r, where r
is the free rank of I.
Proof. The proof of Lemma 3.1 shows In/In+1 is d-torsion for each positive
integer n. Then the assertion follows from the fact that In is a free abelian
group of the same rank as I. 
We return now to the proof of the theorem. By Assertion 4.1, we get, for
any positive integer n,
λp(p
sQn(A)) = εp
(
|psQn(A)|
)
6 εp
(
|Qn(A)|
)
6 logp(d
r), (4.1)
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which implies the sequence {λp(p
sQn(A))}
∞
n=1 is bounded. This forces the
polynomial fp,s be a constant. Hence λp(p
sQn(A)) is a constant for all suf-
ficiently large n. From this it follows that, for any fixed prime p and non-
negative integer s, there is a positive integer np,s such that
λp(p
sQn(A)) = λp(p
sQn+1(A)), n > np,s. (4.2)
Note that either p ∤ d or ps > dr implies λp(p
sQn(A)) = 0 for each positive
integer n. Thus we can set np,s = 1 for all but finitely many p and s. This
implies n0 = max{np,s} is well defined and
λp(p
sQn(A)) = λp(p
sQn+1(A)) (4.3)
holds for any prime p and any non-negative integer s whenever n > n0. Then
the theorem follows from Lemma 3.3. 
We have already mentioned that Bachman and Grunenfelder proved that,
for any finite abelian group G, the isomorphism class of Qn(ZG) does not
depend on n when n is large enough. Here we regenerate this result inde-
pendently as a direct corollary of Main Theorem.
Corollary 4.2. For any finite abelian group G, there exists a positive integer
n0 such that Qn(ZG) ∼= Qn+1(ZG) for any n > n0.
Furthermore, we get the following corollary by applying Main Theorem
to representation rings and Burnside rings.
Corollary 4.3. Let H be a finite group. Then there are two positive integers
n1, n2 such that
• Qn(RH) ∼= Qn+1(RH) for any n > n1,
• Qn(ΩH) ∼= Qn+1(ΩH) for any n > n2.
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